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Abstract

This paper discusses the concepts of gravitational light bending and caustics

formation by integrating the ordinary differential equations that govern the

light trajectories around both non-rotating and rotating black holes. These

equations are derived by using the geodesic method. The simulations of

caustics are done by using the Maple computer software. As described

by Einstein’s gravitational field equations, the overall results confirm that

black holes curve spacetime and light follows the spacetime wrapped by the

gravitational force applied by the black hole. We also identify that light

twist many times around a non-rotating black hole compared to a rotating

black hole.

Key words: Black holes, caustics, angular momentum, charge, numerical

simulation.
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1. Introduction

A black hole is a region in space which has a strong gravitational potential;

anything that falls into a black hole cannot come out of it (Thorne, 1995).

Due to the strong gravitational pull of a black hole, the light rays that travel

closer to a black hole get caught. But if the light rays pass further away

in the vicinity of a black hole, they do not get caught; instead they bend

(Boyle & Lehner, 2010). This makes starfields to appear distorted, as in a

funhouse mirror (Boyle & Lehner, 2010). The paths of light around black

holes are called caustics (James et al., 2015).

Black holes are classified according to their mass or rotation. Some of

the black holes are stationary non-rotating, others are rotating black holes.

Black holes are known to have small sizes compared to stars. Though black

holes are very small in size, they still have a huge amount of mass. The

largest black holes are called “Supermassive black holes”. They have more

than one million of Sun’s mass (Boyle & Lehner, 2010). It is well known

that at the center of every galaxy, there is a supermassive black hole (Boyle

& Lehner, 2010). The one in our galaxy (Milky Way) is called Sagittarius

A∗; its mass is about four Sun’s mass (Boyle & Lehner, 2010).

Black holes have different parts; at the center there is singularity. This is the

region where all masses have been squeezed to nearly zero volume (Bardeen,

1970). As a consequence, the singularity has almost infinite density and

excessive gravitational force (Plebanski & Krasinski, 2006). There is another

location outside the singularity known as the event horizon. This is the

region where if anything gets close to, it cannot escape the gravitational

pull of a black hole. The escape velocity of any particle at this location is

approximately equal to the speed of light. The radius of a black hole at

which escape velocity is exactly equal to the speed of light is known as the

Schwarzschild radius (Susskind & Lindesay, 2005).

A black hole is one of the predictions of the general theory of relativity.

After the publication of the Einstein’s field equations, all previous general
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notion of time and space were somehow forgotten (Thorne, 1995). Einstein

describes gravity as a geometric property of space and time connected in

a four dimensional spacetime. Referring to Einstein, gravity is not a force,

rather it is a result of space being bent (Thorne, 1995). In space time

coordinate, massive objects tell the space how to curve and the curved space

tells the mass how to move (Plebanski & Krasinski, 2006). But for smaller

masses and shorter distances, the consequence is the same for the Newtonian

motion and the general theory of relativity (Plebanski & Krasinski, 2006).

One of the greatest achievements of Einstein is the general theory of rela-

tivity. He spent ten years to solve his famous equations known as Einstein’s

field equations (Thorne, 1995). After his discovery, he said there is no ex-

act solution to his equations. Technically, those equations are known to be

complicated to solve. Despite that, in the year 1916, a German mathemati-

cian astrophysicist Karl Schwarzschild showed to Einstein the exact solution

of his field equations. The solution is called Schwarzschild solution which

describes the motion of the objects moving around a stationary spherically

symmetric non-rotating supermassive objects which include the black holes

(Adler et al., 1975). In 1963, New Zealand Astrophysicist Roy Patrick Kerr,

proved the second solution of Einstein’s field equations (Bardeen, 1970).

This solution describes the motion of the stationary rotating black holes.

The solutions to Einstein’s field equations opened a new era in astrophysics.

Zengino glu & Galley (2012) studied the caustic echoes from a Schwarzschild

black hole, where they presented the first numerical approximation of the

scalar Schwarzschild-Green function in the time domain that brought out

many universal characteristics of wave propagation in a black hole space-

time. Chakraborty (2011) studied the trajectory of a test particle around

general spherical black holes. They were interested in determining pseudo

Newtonian gravitational potential and then compared the results with re-

lated effective potential for test particle motion.

Nowadays, black holes are curious objects that maintain the key to un-

locking a number of unsolved astrophysical problems (Susskind & Lindesay,
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2005). It is not easy to explain the current image of the universe without

turning back to black holes. Since no one can approach black holes for

taking measurements, special instruments are needed to detect black holes

through their effects on nearby stars. For that reason, several nations have

combined initiatives to construct special tools like Square Kilometre Array

(SKA) telescope, which is currently under construction in South Africa and

Laser Interferometer Gravitational Observatory (LIGO). These tools can be

used to probe the universe. There are many fascinating phenomena happen-

ing around and inside black holes. Unfortunately, most of them are hidden.

Currently, scientists want to know how light and massive objects behave

around black holes.

The main objective of this paper is to discuss the concepts of gravitational

light bending and caustics formation by integrating the ordinary differential

equations that govern the light trajectories around black holes. Specifically,

three solutions to Einstein’s field equations which describe the exterior mo-

tion of black holes have to be discussed and used to derive the equations

of motion of the light trajectories around black holes. Again these equa-

tions have to be solved numerically in order to explain the concepts of the

bending of light and caustics formation around black holes. Similar research

have been done by James et al. (2015). These authors developed, at Double

Negative Visual Effects, a code called Double Negative Gravitational Ren-

derer to solve the equations for light beam propagation through the curved

spacetime of a Kerr black hole. Their research findings resulted in the first

hollywood movie to attempt depicting a black hole as it would actually be

seen by somebody nearby.

2. Concept of general relativity and solutions to
the Einstein’s field equations

This section discusses briefly the theories behind this research. Three so-

lutions to Einstein’s field equations are discussed. These are Schwarzschild

solution which describes the exterior motion of a non-rotating black hole,
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Kerr solution which describes exterior motion of a rotating black hole and

Kerr-Newman solution which describes a black hole that has both angular

momentum and charge.

2.1. Foundations of general relativity

General relativity is the study of differential geometry of the gravitation

published by Albert Einstein in the year 1915 (Koorambas & Resconi, 2015).

It provides unified details of gravity differential geometry property of space

and time (Renn, 2005). This theory tells us that the curvature of spacetime

is precisely linked to the energy and momentum of any kind of matter and

radiation that are present. The relation is clearly detailed by a set of sixteen

equations in four dimensional spacetime. Those equations are known as

Einstein’s field equations and are given by

Gμν + Λgμν =
8πG

c4
Tμν (1)

where Gμν = Rμν − 1
2Rgμν . μ, ν denote the dimension of spacetime coor-

dinates (t, x, y, z). Gμν is the Einstein tensor, Λ stands for cosmological

constant, R is the curvature scalar, Rμν is the Ricci curvature tensor, gμν is

the metric tensor and Tμν is the stress-energy momentum tensor.

Einstein describes gravitation as an effect of the curvature of spacetime,

while in turn space curvature is an effect of the presence of matter (Thorne,

1995). An example to explain the concept of spacetime curvature is to

visualise an expanded sheet of rubber bent by the presence of a massive

object (see Figure 1).

Einstein’s theory has important astrophysical implications such as existence

of black holes. The bending of light by gravity can lead to the phenomenon

of gravitational lensing. General relativity forecast that the light trajectory

is twisting in a gravitational field i.e. passage of light near massive object

is deviated towards that object. This event has been proved by observing
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Figure 1: Pictorial representation of spacetime as expanded sheet of rubber,
warped by the presence of massive object. Any particle subject to the motion
in the gravitational field of the central mass will follow curved space (Hendry,
2009).

light from stars or far quasals being bent as it passes the Sun (Susskind &

Lindesay, 2005). This and other related forecasts follow the fact that light

follows geodesic, which is the shortest path on curved spacetime.

2.2. Schwarzschild, Kerr and Kerr-Newman black
holes

A Schwarzschild black hole, sometimes called static black hole, is a black

hole which has zero angular momentum and zero charge. It is described

by Schwarzschild metric which is the simplest and most useful solution to

Einsteins field equations. This solution describes a static and spherically

symmetric supermassive objects. This solution, whose derivation has been

done by Karl Schwarzscild (Thorne, 1995), is given by

dS2 = −
(
1− 2GM

rc2

)
dt2 +

(
1− 2GM

rc2

)−1
dr2 + r2dθ2 + r2 sin2 θdφ2, (2)

where r2 = x2 + y2 + z2 (spherical coordinates), G is the Newton’s gravita-

tional constant, M is the mass of a black hole and c is the speed of light.
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Kerr black hole is the spherically, neutral rotating black hole. It was named

Kerr black hole because of the Kerr solution which describes the Einstein

vacuum solution, which is similar to such rotating black hole (Bardeen &

Petterson, 1975). In this paper, we use Boyer-Lindquist coordinates which

are identical to normal polar coordinates (Bardeen, 1970). Kerr black hole

has two direction of spacetime symmetry (Bardeen, 1970). The symmetry

signify that the associated four vector momentum is conserved. This means

x0, which is the time dilation, corresponds to energy and x3 corresponds to

the angular momentum in the φ direction. Most black holes can have mass,

charge and angular momentum as distinguishing quantities. Our interest

here is limited to those which are spherically rotating and thus allow the

black hole to be described by the angular momentum other than the mass.

Rotating black holes are very important in astrophysics for the reason that

they are thought to control quasals and other active galaxies, x-ray binaries

and gamma ray bursts (Singh et al., 2014).

One of the vacuum solution of Einstein’s field equation, that is Eq. (1), is

the Kerr solution. This solution gives the description of Kerr black hole and

is given by

dS2 = −
(
1− 2GMr

ρ2

)
dt2 − 4GMra sin2 θ

ρ2
dφdt

+
ρ2

δ
dr2 + ρ2dθ2 +

(
r2 + a2 +

2Mra2 sin2 θ

ρ2

)
sin2 θdφ2, (3)

where a = J
M , ρ2 ≡ r2 + a2 cos2 θ, and δ = r2 − 2GMr + a2.

The Kerr metric or Kerr solution is contingent upon two parameters, a

and M . The analysis of the asymptotic characteristic of the metric can

easily give us the meaning of those parameters (Frolov & Novikov, 2012).

a is the angular momentum per unit mass and M is the black hole mass.
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Obviously, in the absence of angular momentum, the Kerr metric reduces

to the Schwarzschild metric. There is an extension of Kerr solution which

is Kerr-Newman solution. This solution describes a very special rotating,

spherical charged supermassive objects. Its derivation is too complex and is

beyond the scope of this paper. The only solution is mentioned here because

it will be used to describe the behaviour of light trajectories around Kerr-

Newman black hole. The metric line element of Kerr-Newman metric in

Boyer-Lindquist coordinates is given by

dS2 = −Δ

ρ2
[dt− a sin2(θ)dφ]2 +

sin2(θ)

ρ2
[(r2 + a2)dφ− adt]2 +

ρ2

Δ
dr2 + ρ2dθ2.

(4)

This metric is the same as Kerr, the only difference is the additional term

of charge Q in Δ expression:

Δ ≡ r2 − 2Mr + a2 +
Q2

G
and

ρ2 ≡ r2 + a2 cos2(θ).

3. Equations governing light trajectories around
black holes

In this section, we consider the solutions of Einstein fields equations, which

are Schwarzschild, Kerr and Kerr-Newman solutions. These solutions, which

were discussed in the previous section, are going to be used in this paper to

find equations of motion that govern light trajectories around black holes.

Recall that these solutions describe the exterior behaviour of any particle

moving around black holes. Therefore, equations of motion for these supper-

massive objects are derived in order to describe the light trajectories around

each type of black hole. Maple software is used to compute equations of mo-

tion. The computations are done as follows:

• Three types of metrics discussed in the previous section are used to

describe the behaviour of light trajectories around Schwarzschild, Kerr
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and Kerr-Newman black holes. For each metric, we find the metric

tensor and its inverse, then we compute the Christoffel symbols.

• Geodesic method is used to find the equations of motion.

3.1. Equations of motion for Schwarzschild black
hole

From the Schwarzschild metric discussed in section 2, labeled as Equation

(2), we deduce the metric tensor from it and it is presented in matrix form

as

gμν =

⎛
⎜⎜⎜⎜⎝

2GM
r − 1 0 0 0

0 − 1
2GM

r
−1

0 0

0 0 r2 0

0 0 0 r2 sin (θ)2

⎞
⎟⎟⎟⎟⎠

.

The inverse of the above metric tensor is computed and it is given by

gμν =

⎛
⎜⎜⎜⎜⎜⎝

1
2GM

r
−1

0 0 0

0 −2GM
r + 1 0 0

0 0 1
r2

0

0 0 0 1
r2 sin(θ)2

⎞
⎟⎟⎟⎟⎟⎠

.

Since we have the metric tensor of the Schwarzschild metric and its inverse,

we are able to compute the Christoffel symbols. We place gμν and gμν

into the general Christoffel symbol formula and using Maple software we

obtain the non-vanishing Christoffel symbols. We can now get the ordinary

differential equations i.e., geodesic equations that govern light trajectories

around stationary spherically non-rotating black holes. In calculations, we

use geometrised units i.e. the base physical units are chosen so that the speed

of light in vacuum, C, and the gravitational constant, G, are set equal to

unity. Putting the metric tensor and its inverse into general geodesic formula
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and by the use of Maple software, equations of motion are obtained. These

equations are second order non linear differential equations and are given by

0 = ẗ− 2r6ṫṙ

−r8 + 2r7
, (5)

0 = φ̈+
2(−r7 + 2r6)ṙφ̇

−r8 + 2r7
− 2(r8 − 2r7) cos(θ)θ̇φ̇

sin(θ)(−r8 + 2r7)
, (6)

0 = θ̈ +
2ṙθ̇

r
− sin(θ) cos(θ)φ̇2 and (7)

0 = r̈−(−r2 + 2r) sin2(θ)ṫ2

r4
+

ṙ2

−r2 + 2r
+
(−r2 + 2r)θ̇2

r
+
(−r2 + 2r) sin2(θ)φ̇2

r
.

(8)

3.2. Equations of motion for Kerr and Kerr-Newman
black holes

A Kerr black hole is described by the metric discussed in section 2, which is

labelled as Equation (3). From that metric, we find the metric tensor to be

gμν =

⎛
⎜⎜⎜⎜⎜⎝

− 2 r
J2 cos(θ)2+r2

+ 1 0 0 0

0 J2 cos(θ)2+r2

J2+r2−2 r
0 0

0 0 J2 cos (θ)2 + r2 0

0 − 4 Jr sin(θ)2

J2 cos(θ)2+r2
0 β sin (θ)2

⎞
⎟⎟⎟⎟⎟⎠

.

The inverse of the above metric tensor is

gμν =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

− 1
2 r

J2 cos(θ)2+r2
−1

0 0 0

0 J2+r2−2 r
J2 cos(θ)2+r2

0 0

0 0 1
J2 cos(θ)2+r2

0

0
4 (J2+r2−2 r)Jr

(J2 cos(θ)2+r2)
2
β

0 1
β sin(θ)2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,



��������	
��������
���������	�������� ����	����������������������������������������������           

174       

where β =
(

2 J2r sin(θ)2

J2 cos(θ)2+r2
+ J2 + r2

)
.

By substituting the metric tensor and its inverse into the Christoffel symbol

formula, we get the non-vanishing Christoffel symbols. Substituting the

non-vanishing Christoffel symbols into general geodesic formula, we get the

equations of motion that govern light trajectories around rotating black

holes. Those equations are

0 = φ̈+
4a(a2 cos2 θ − r2)ṫṙ

X1
− 8ra cos θNṫθ̇

X1r sin θ
+

X2
˙rφ

X3
− X4 cos(θ)θ̇φ̇

X3 sin θ
, (9)

0 = ẗ+Y1
ṫṙ

X3
− Y2
X3

ra2 sin(θ) cos(θ)ṫθ̇− Y3
X1

ṙφ̇+
8a3N sin3(θ) cos(θ)

X1
θ̇θ̇, (10)

0 = r̈+
W1

W2
ṫ2− 4aW1

W2
ṫφ̇+

(
− W3r

C ṙ2 − 2a2 cos(θ) sin(θ)ṙθ̇ +Dθ̇2
)

r2 + a2 cos2(θ)
−W4

W2
φ̇2,

(11)

0 = θ̈+
((
− 2raṫ2

W2
+
8r(a2 + r2)ṫφ̇

W2
− aṙ2

W1
− a

P

)
a+

W5

W2

)
sin(θ) cos(θ)+

2rṙθ̇

P
,

(12)

where

X1 = a4(2r−a2−r4) cos4(θ)+a2r2(12+4r−2a2−2r2) cos2(θ)(−12a2+2r3−a2r2−r4)r2,

X2 = 2
(
a6(1− r) cos6(θ) + a4(6r − a2 + 2r2 − 3r3) cos4(θ) + a2r(−6a2

− 6r2 + 3r3 − 3r4) cos2(θ) + r3(6a2 + a2r + 2r3 − r4)
)
,
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X3 = a6(2r − a8 − r2) cos6(θ) + (12a2 + 6a2r − 3a4

−3a2r2)a2r2 cos4(θ)−12a2r4+2Mr7−a2r6−r83(4r2+2r3−r2−r4−4a2)a2r2 cos2(θ),

X4 = 2a6(−2r + a2 + r2) cos6(θ) + 2a4r(4r − 2a2 − 8r2 + 3r3) cos4(θ)

+2a2r(−16a2r−8r3+2a4−8r4+3a2r3+3r5) cos2(θ)+2r2(12a2+8a2r2+2a2r3−2r5+a2r5+r7),

Y1 = 2a2(r + a2 + r2) cos2(θ)− 12a2r + 2a2r2 + 2r4,

Y2 = 4
(
a2 cos2(θ)(2r − a2 − r2) + 6ra2 + 8r3 − a2r2 − r4

)
,

Y3 = 4a(a4 cos2(θ)− a2r2 cos2(θ)− a2r2 − 3r4) sin2(θ),

W1 =
N

r
(a2 cos2 θ − r2),

W2 = a2(a4 cos4(θ) + 3a2r2 + 3r4) cos2(θ) + r6,

W3 = (1− r)a2 cos2(θ)− r2 + a2r,

W4 =
sin2(θ)

Nr

(
a4(1− r) cos4(θ)− a2r2(1 + r) cos2(θ) + a2r2 − r5

)
,

W5 = a4(2r − a2 − r2) cos4(θ) + 2a2r2(2r − a2 − r2) cos2(θ) + r(4a2r2 − 2a4 − a2r3 − r5),

N = (2r − a2 − r2)r and

P = r2 + a2 cos2(θ).

From Equation (4), we deduce the metric tensor of Kerr-Newman and it is

presented in matrix form as

⎛
⎜⎜⎜⎜⎜⎜⎝

a2 sin(θ)2+Q2+a2−2Mr+r2

a2 cos(θ)2+r2
0 0

2 (Q2−2Mr) sin(θ)2

a2 cos(θ)2+r2

0 a2 cos(θ)2+r2

Q2+a2−2Mr+r2
0 0

0 0 a2 cos (θ)2 + r2 0
2 (Q2−2Mr) sin(θ)2

a2 cos(θ)2+r2
0 0 − γ

a2 cos(θ)2+r2

⎞
⎟⎟⎟⎟⎟⎟⎠

,
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where γ =
(
Q2 + a2 − 2Mr + r2

)
a2 sin (θ)2 − (

a2 + r2
)2

sin (θ)2.

The inverse of the above metric tensor is computed and putting the results

into general Christoffel symbol formula, the Christoffel symbols are obtained.

Each non-vanishing Christoffel symbol is placed into geodesic formula to

get equations of motion that govern light trajectories around Kerr-Newman

black hole.

In this section, we have computed equations of motion for each of the black

holes described in section 2. The obtained equations are a set of four second

order non-linear differential equations. These equations describe the exterior

motion of any particle around a black hole. Thus, they are used in the next

section to study the behaviour of light trajectories around black holes.

4. Results and discussion

In this section, the equations of motion that govern light trajectories around

black holes are solved numerically by using Maple software. Equations of

motion for Schwarzschild, Kerr and Kerr-Newman black holes obtained in

section 3 are simulated and the results are used to explain the concept

of gravitational light bending and caustics formation around each type of

black hole. Eight initial conditions (t0, ṫ0, r0, ṙ0, θ0, θ̇0, φ0, φ̇0) are chosen

arbitrarily and the last initial condition its values must verify the constraint

condition. This condition must comfort to the invariant condition

gμν ẋ
μẋν = −c2,

which means that the particle is a light-like particle (Chakraborty & Chakraborty,

2011). Here ẋμ and ẋν are velocity components, μ and ν are the dimensions

of spacetime coordinates, gμν is the metric tensor and c is the speed of light.
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static, spherically non-rotating black hole are simulated in order to explore

the concepts of gravitational light bending and caustics formation around

Schwarzschild black hole. The results are shown in Figure 2.

Figure 2: Simulated light trajectories around spherically non-rotating black
hole. For φ̇0 = 0.000814rad/s (left figure),and φ̇0 = 0.00814rad/s (right
figure). The bending of light trajectories is due to the strong gravitational
potential of the black hole. The region formed by those light trajectories is
called caustic. Note that the black disc at the center of each plot represents
black hole.

The symbol φ̇0 stands for the initial change of the angular deviation of light

rays and it is expressed in radians per second. It is known that the black

holes suck nearby objects, even light cannot escape. But, this happens when

the object gets close to the event horizon ( Boyle & Lehner, 2010). As the

object approaches this region, the escape velocity of that object tends to the

speed of light. As predicted by Einstein in his theory of general relativity,

supermassive objects curve the space and curved space tells the mass how

to move (Hendry, 2009). This is shown in Figure 2 where the gravitational

potential of the Schwarzschild black hole curves the spacetime and light

4.1. Numerical simulation of light trajectories around
Schwarzschild black hole

The set of four equations of motion that govern light trajectories around a
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follows the curved space (Zengino glu & Galley, 2012). The trajectories

of light do not coincide with that of curved space because light takes the

shortest path which is geodesic on curved spacetime. Both figures show

the behaviour of light trajectories around Schwarzschild black hole but they

appear to be different. This difference in shape is caused by the chosen

initial change of angular deviation of light rays (φ̇0). The paths of light

shown at the left of Figure 2 look similar to the one obtained by interstellar

group in their film named Interstellar’s black hole: Hollywood and Science

overlap (James et al., 2015).

4.2. Numerical simulation of light trajectories around
Kerr black hole

The four geodesic equations that describe the light trajectories around the

rotating black hole are integrated and the results are shown in Figure 3.

The behaviour of the light trajectories around Kerr black hole are discussed

by looking at the effects of the angular momentum and the change of the

angular deviation of light rays on the light trajectories around Kerr black

hole.

The expression J stands for angular momentum, its unit is kgm2/s. The

same as Schwarzschild black hole, Figure 3 indicates that the gravitational

potential of the Kerr black hole also bends the spacetime manifold and light

within its vicinity follow the geodesic path along the manifold (James et al.,

2015). In case of a rotating black hole, angular momentum plays a role in

the distortion of light around it. For example, Figure 3 at the right shows

that the trajectory of light advances more than the one in Figure 3 at the

left. This is due to the fact that the black hole shown in Figure 3 at right has

a higher angular momentum than the one shown in Figure 3 at the left. In

other words, the black hole presented in Figure 3 at the right side is rotating

faster than the one shown in Figure 3 at the left side. Another important

thing to note is that for small angular momentum shown in Figure 3 at

the left side, the light trajectories behave like the one for the Schwarzschild

black hole shown in Figure 2. This confirms the theory which tells us that



179     

��������	
��������
���������	�������� ����	����������������������������������������������           

Figure 3: Simulated light trajectories around rotating black hole. For
J = 0.02kgm2/s and φ̇0 = 0.000814rad/s (left figure), J = 1kgm2/s and
φ̇0 = 0.000814rad/s (right figure). These plots show the effect of angular
momentum of the Kerr black hole on the light trajectories around it.

when the angular momentum is zero, Kerr metric reduces to Schwarzschild

metric.

Figure 4 explains the effects of varying the initial change of the angle of

deviation of light rays. The chosen initial change of the value of φ with

respect to the affine parameter, say τ have remarkable influence on the

light trajectories around rotating black holes. For example, the black holes

presented in Figure 4 at the left side and in Figure 4 at the right side have

the same angular momentum but different φ̇0. As it can be seen on both

plots, the behaviour of the light trajectories around these black holes are

different due to the initial change of the angular deviation of light rays. But

still the cause of this bending of light is the gravitational pull of a black

hole exerted on the spacetime and light follows the shortest path on the

spacetime manifold.
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Figure 4: Simulated light trajectories around rotating black holes with same
angular momentum but different initial change of the angular deviation of
light rays. For J = 0.5kgm2/s and φ̇0 = 0.000814rad/s (left figure),and
J = 0.5kgm2/s and φ̇0 = 0.00814rad/s (right figure).

4.3. Numerical simulation of light trajectories around
Kerr-Newman black hole

Recall that the Kerr-Newman metric is the special metric which describes

the behaviour of a particle around rotating and charged black hole. The

simulations of equations of motion of this black hole indicate the behaviour

of light trajectories around it. The caustics which are paths of light around

this black hole are shown in Figures 5 and 6. Figure 5 at the left side shows

that even if the angular momentum is lower than that of the one shown in

Figure 5 at the right side, light goes far from the black hole. But when the

angular momentum increases, the gravitational fields exerted to the light

becomes so strong and the light gets attracted by the black hole. The

impression here is that the charge of the black hole matters in the deviation

of light around Kerr-Newman black hole. You may ask a question like how

does the amount of charge of a black hole affect the light around it? The

answers are obtained from the interpretation of Figure 6.
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Figure 5: Simulated light trajectories around rotating and charged black
hole. For J = 0.5kgm2/s, Q = 0.5C, φ̇0 = 0.000814rad/s (left figure),
and J = 1kgm2/s, Q = 0.5C, φ̇0 = 0.000814rad/s (right figure). Q is the
charge of a black hole. These figures indicate the effects of changing angular
momentum and caustics formation around Kerr-Newman black holes.

As for Kerr metric, the behaviour of light trajectories around a rotating and

charged black hole depends on the angular deviation of the light ray. The

important thing to note here is the effect of the electric charge of a black hole

on the light trajectories around it. Figure 6 at the left side shows that for

less charged black hole light can continue to rotate more around the black

hole. But as it is shown in Figure 6 at the right side the rotation of light

around Kerr-Newman decreases as the charge of the black hole increases.

The idea is that the more the fields of the black holes get charged the more

light gets close to the black hole.

As shown in Figure 7, light curves much more around a non-rotating black

holes. Light also moves around a rotating black hole more than the way it

rotates around a black hole with non-zero angular momentum and charge.

Light does not rotate much around a Kerr-Newman black hole because of its

angular momentum and charge. Though light does not curve many times
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Figure 6: Simulated light trajectories around rotating and charged black
hole. ForJ = 0.5kgm2/s ,Q = 0.5C and φ̇0 = 0.00814rad (left figure), and
J = 0.5kgm2/s, Q = 1C and φ̇0 = 0.00814rad/s (right figure). The amount
of charge of a black hole affects light trajectories around Kerr-Newman black
holes.

around Kerr and Kerr-Newman black holes, Figure 7 indicates that the de-

viation of light around these black holes is higher compared to that of a

Schwarzschild black hole. The overall impression here is, as the black holes

have angular momentum and electric charge, their gravitational potential

increases. Consequently, light gets bent by the strong gravitational poten-

tial of black holes. The deviated light trajectories form a region known as

caustics. The shape of caustics depends on the following factors: angular

deviation of light rays, angular momentum and charge of the black holes

(Chakraborty & Chakraborty, 2011).
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Figure 7: Combination of the three plots of light trajectories around
Schwarzschild, Kerr and Kerr-Newman black holes.

5. Conclusion

The goal of this paper was to explain the concepts of gravitational light bend-

ing and caustics formation by integrating the ordinary differential equations

that govern light trajectories around black holes. Similar research has been

done by James et al. (2015). However, instead of looking at only a spinning

(Kerr) black holes (James et al., 2015), we have extended it by looking at the

three types of black holes and compared the results with those of James et

al. (2015). The concepts of metric tensor and geodesic have been revisited

in order to be used for the derivation of equations of motion that govern the

light trajectories around black holes. We focused on Schwarzschild, Kerr

and Kerr-Newman black holes. Due to the fact that a photon moves on

a null geodesic, geodesic equation has been used to describe the motion of

light in the vicinity of the black holes. In section 3, equations of motion

for Schwarzschild, Kerr and Kerr-Newman were derived. To get these equa-

tions, a metric tensor of each of the three black holes and its inverse were

derived.
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In section 4, equations of motion have been solved numerically and their

solutions plotted. The results were used to explain the concepts of gravita-

tional light bending and caustics formation around black holes. It was found

that the bending of light around black holes is caused by different factors,

namely the angular deviation of light rays, the angular momentum and the

charge of the black holes. Similar results for Kerr black hole have been ob-

tained by James et al. (2015). The simulated results have shown that light

loops much more around a spherical, non-rotating black hole compared to a

rotating black hole.
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